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ABSTRACT 
Accurate determination of dynamic characteristics of mechanisms 
has become more important with increased requirements on speed, effi-
ciency and precision. Many devices, such as circuit breakers and com-
puting mechanisms, operate under purely transient conditions and actua-
tion time places a serious limitation on the response of the system of 
which these devices are a part. 
In the classical analysis, whether it be graphical or analytical, 
the mechanism is assigned a specified position and state of motion 
from which the forces required to produce the motion can be determined. 
The inverse problem of specifying the driving force and determining 
the resulting motion, which is much closer to the actual condition, is 
nearly impossible of solution with the classical approach. By trial 
and error and iterative procedures, however, it is conceivably possible. 
In recent developments energy methods have been employed as an ap-
proach to the problem. In this thesis a general equation of motion is 
reviewed which is believed to be a wholly new approach to this type of 
analysis. This equation reduces any plane mechanism to the same form 
of differential equation which determines the motion to a degree of 
accuracy limited only by the accuracy to which the mass characteris-
tics and the input force are known. Also, the equation is still valid 
if the mechanism becomes a machine and performs work and if friction 
Navnit Chhaganlal Mehta 
ef ts are present. 
The equation is quite comp 
solved by numerical 
A solution is demons 
the approach is equally app 
nisms with any number of links. 
iv 
and non-linear, but can be easily 
for a common (four-bar), but 
to p cons mecha-
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INTRODUCTION AND LITERATURE SURVEY 
The dynamic behavior of a mechanism is of interest for a number 
of reasons. It is necessary that the designer know the forces acting 
so that he can design the mechanism to withstand them satisfactorily. 
The mechanism is required to possess a specified position, velocity or 
acceleration at some point in its travel. Knowledge of the inertial 
properties of the mechanism is necessary for the determination of the 
torque required to provide this motion. On the other hand, it is of 
greater practical importance to determine the motion which will result 
from the application of a given torque, as for instance driving the 
mechanism by an electric or hydraulic motor. The latter case is the 
subject of this thesis. 
Often, sufficient information about the dynamics of the mechanism 
can be obtained by assigning a velocity to the input link and comput-
ing the resulting velocity and acceleration of the other links. A 
variety of methods are available for this type of analysis. One of 
the most commonly applied methods is that of constructing the velocity 
and acceleration polygons for the mechanism. This is perhaps the old-
est method in use. In this method, velocities and accelerations can 
be found quickest graphically, using well known relative-velocity and 
acceleration methods. However, mathematical analysis is advantageous 
under certain circumstances, for example, when greater accuracy is de-
sired (6)~ (2). This would be particularly true for mechanisms in 
* Number in parenthesis, unless specifically referred to equation, 
represents the reference. 
1 
which the relative size of the links, or instantaneous positions of the 
links, is such that graphical results would be subject to large errors. 
Such errors may arise because of the difficul in accurately determin-
ing the point of intersection on a drawing, for example. the point of 
intersection of nearly parallel lines. Furthermore, mathematical analy-
sis can be of value from the standpoint of systematic design. 
procedure is discussed in (9). 
Such a 
Many other modifications have been made to the graphical method 
to make it more useful and to adapt it for use with more complex mechan-
isms. Among these a;-e the use of auxiliary points (4), Goodman's in-
direct method (3) and the introduction of the Bresse and inflection 
cit"cles (10). 
Availability of the digital computer has directed attention to 
analytical solutions. In these methods the positions of the moving 
members of the mechanism are described by means of vectors(!), or com-
plex numbers (7), (8). The expressions for velocity and acceleration 
which result from successive differentiation of the position vector 
are solved at selected points in the mechanism. 
An interesting application of the digital computer to kinematic 
analysis is the program under development by IBM (11). This is a 
method of analysis of general plane mechanisms which would allow the 
designer to describe the mechanism to the computer along with the in-
put velocity and acceleration, and the computer would present the velo-
city and acceleration of any selected points in the mechanism. Any 
combinations of fourteen kinematic elements can be used. 
2 
3 
Although all of the above methods of analysis are quite useful, 
eacl1 require that the velocity and acceleration of at least one point 
in the mechanism be assumed. TI1e torque required to provide this 
motion is readily determined, but one cannot determine the motion 
which will result from application of a given torque by means of any 
of them. 
Several procedures are available for analysis of motion under a 
given input torque. These are the equivalent mass and force system of 
Wittenbauer (12), Quinn's energy method (9), the rate of change of 
energy method by Hirschhorn (5), and, finally, the direct solution of 
the equation of motion of the mechanism under consideration. 
It may be well to summarize briefly the two types of problems 
which are involved in the design of mechanisms required to have speci-
fied dynamic characteristics: (a) determination of applied forces re-
quired to produce specified dynamic characteristics, (b) determination 
of the dynamic characteristics which will result from the application 
of known forces. In elementary problems in mechanics there is little 
difference in the method whereby a solution to either of the foregoing 
problems can be obtained. In the more complex mechanical systems, 
however, the graphical method, used for solving type (a) problems, 
,, 
does not afford a direct approach to type (b) problems (9). The 
energy method which will be discussed can be applied in either case, 
although this thesis will be only concerned with the determination 
of the dynamic characteristics which result when a known force is 
applied to a given mechanism. 
In applying the equivalent mass and force methnd, th mechanism 
being analyzed is reduced to an energy equivalent system consist 
of a variable mass rotating about a fixed point at the same instantan-
eous angular velocity and acceleration a~ the reference link in the 
actual mechanism. (In this thesis, the driving link is considered 
the reference link.) Although a translational system could be used, 
the rotating system appears to be superior. This fictitious system, 
of motion :1n't methods necessary for the analysis. When applying the 
energy method to an actual mecltanism only the derived equations are 
used. 
In the equivalent energy method, the forces acting on the mechan-
ism are reduced to an equivalent couple acting on this system. In 





e position of equival<>nt mass 
Use of this method requires that the relationship betwc'en the 
equivalent mass moment of inertia and the driving link position ba 
known. This can be nc:comp 1 i s:ied graphically or anrl. 1 yt ic ally, but for 
·the sake of accuracy should be done analytically. 
5 
The energy method is bas0d on the premise that the per cent of the 
total kinetic energy which a link of a mechanism cont ins ' .. ill remain 
the same in any given position r0gardless of the speed. In this case, 
if the energy distribution of <1 mechanism is kno'-vn, its motion can be 
determined by assumii1g the work done by the input torque equals the 
change of kinetic energy, in the absence of the other energy changes. 
Application of this method requires that the kinetic energy distribu-
tion be expressed in terms of the driving link position. This is ac-
complished by any one of the means of analysis previously discussed 
(9). 
The rate of change of energy method assumes that the time rate 
of change of kinetic energy is equal to power input. The velocity 
and acceleration of the links are expressed in terms of any one of 
them, using any convenient method. As with the equivalent mass and 
force method, the acceleration resulting from any applied torque is 
given directly (5). 
As described above, these methods ignore the effects of potential 
energy changes and of friction; however, all of them can be modified 
to consider thes effects, if the effects can be expressed in the 
same terms as the kinetic energy. The primary disadvantages of these 
methods is that th nsu:.-11 1 reqni re a par i al solution. 
This is time consuming and limits accurac . 
The motion resulting from the application of a ven torque can 
also be determined hy thP solu ion of the cquC~tion of motion for the 
mechanism in question. Unfortunately, this ion is quite complex, 
even for one of the simp lP r mechanisms, the four- bar 1 ...... .--.c""" Diffi-
culties in expressing the position and velocity of each link in terms 
of those of the input link cause the coefficients of the ion of 
motion to be rather complicated. In addition, the equation is non-
linear because of the dependence of the kinetic energy on position 
as well as velocity. 
As a mechanism becomes more camp the complexity of the equa-
tion of motion increases. Methods such as those of Wittenbauer, Quinn 
and Hirschhorn become cumbersome because of difficulties in determin-
ing kinetic energy distribution or inertial ies. 
By introduction of the concept of the system, an equa-
tion of motion is derived which is valid for all constrained plane 
mechanisms. To circumvent difficulties in calculating the equivalent 
mass properties for highly complex mechanisms, a procedure for experi-
mental determination of these properties by the method of small oscil-
lations is given in the appendix. 
THE EQUATION OF MOTION 
In writing the equation of motion of a four-bar (or any other) 
plane mechanism, it is desirable to express the position, velocity 
and acceleration of each link of the mechanism in terms of the posi-
tion, velocity and acceleration of any one of them. In most cases it 
is convenient to select the driving link. R. Ek (2) has pre-
sented a method for accomplishing this for any plane mechanism using 
velocity ratios to r~late the motion of the various links. The equa-
tion of motion of the four-bar mechanism as derived Eksergian is 
used here, except that the sense of the. e describing the position 
of the follower (84 ) is taken in the opposite direction of that in 
the original derivation. In order to be consistent with the later 
analysis the derivation is reproduced here with this change included. 
Figure 1 contains a sketch of the four-bar mechanism considered. 
Points a, b and c are centers of gravity locations of links 2, 3 and 
4 respectively and 2 2 , 2 3 and z4 are distances locating these points 
as shown. The position angles 8 2 , 8 3 and e4 are taken positive in the 
counterclockwise direction. Link lengths are given by L1 , L2 , L3 and 
L is a fixed link, and represents the datum line for potential 
1 
energy calculations. 
Velocity ratios are by the following expressions: 
2 (1) 
7 
Figure 1. A Four-bar Mechanism 
9 
K42 8 ;8 = L2sin(e 2 - e3)/L4 sin(e4 - ) ( 4 2 
Ka2 = v ;8 = z2 (3) a 2 
K • 
c2 v c/S2 = Z4K42 (4) 
K ;.;8 = -L sine - z K sine (5) bx 2 2 2 3 32 3 
. . 
K y/e L cose + Z K cose (6) by 2 2 2 3 32 3 
where v , v and x and y are the velocities of the centers of gravity 
a c 
of links two, four and three respectively. 
Application of these ratios and summation of distances in the 
vertical and horizontal directions makes it possible to express the 
kinetic and potential energies of each link in terms of e 2 and e 2" 
Use of the Lagrange equation yields the following ion of motion. 
[ I 2 + I K
2 
3 32 
+ I K 2 + M Z 2 + M (K 2 + 2 ) + M Z 2K 2 J •  4 42 2 2 3 bx Kby 4 4 42 8 2 
+ f3K32(0K3/B92) + I4K42(0K4z'B92) 






4 by by 2~ 2 
(7) 
The above equation assumes that the mechanism ls frtc·iion~less, is in 
a vertical plane, has one degree of freedom, and is conservative, and 
that the applied torque (T), which may appear at the drive shaft or 
as a resisting torque, can be expressed as a function of the driving 
link angle, or its derivative, and time. 'I' is the moment of inertia 
about the center of gravity for each respective link. 
The coefficients of and are wri t as [u 
and It is possible to write the s nnd 
3 
consideration of th geomet 
reases the complexi 
shown here. 
of the 
of th mechanism. 
ion onsid r;lb 
s 0 
in t rms of 
r, this 
nnd is not 
Analytical solution of this equation for even a simple form of 
input torque (zero or constant) is extreme difficnlt if at all pos-
10 
sible. Numerical solution is, of course, possibl , al no record 
has been found of such a sol·ution. A simplification of th equation 
(7) is desirable, particula if this can be accomplished for a gener-
al planar mechanism. This possibilii..:y is explored in the next section. 
MODIFIED EQUATION OF MOTION 
In the previous section the equation of motion was specifically 
derived for a four-bar mechanism and was found qltite complicated. A 
modified equation of motion which can be used for any plane mechanism 
with any given number of links is derived in detail here. 
The equivalent mass and force system of Wittenbauer suggests 
that a single, varyip.g mass system which must have variable mass 
properties which are a function of the driving link angle (or the po-
sition of the equivalent mass) be used. Under these circumstances, 
the solution of the equation of the motion of the equivalent system 
should also satisfy the equation of the original system. This equiva-
lent equation will then provide the motion of the real mechanism. 
As is well known, an equivalent system must be such that its 
kinetic and potential energies are the same as the original system 
if the two systems have identical velocities and positions. The 
second of these conditions was satisfied in this case by considering 
that the potential energy of the equivalent system is the same as 
that of the original system. Figure 2 represents an equivalent 
system. 
Lagrange equation was employed to derive the general equation 
of motion which can be used for any plane mechanism. 
11 
12 
Fixed Axis of Rotation 
Figure 2. The Continuously Varying Equivalent Mass 
13 
According to the Lagrange equation: 
where, 
d oL oL 
d t <o Ci) - <o q) = T < ct, t) 
L KE - PE 















e J + e2 <~> eq de 
• 
2 dJeg dPE 
t..t::) ( ) - (d8 ) 
":2'"' de 
The general equation of motion for the mechanism then becomes: 
8J 
J e + ~ < ~ > e 2 + ~ PE) = T <e, t) < s > 
eq oe 58 
where the potential energy is a function of e and is independent of 
. 
velocity, e, therefore the first term in the equation of motion (8) 
does not have any potential energy expression. This equation includes 
the possible change in potential energy and the T(8,t) includes the 
total equivalent effect of input and output torque and could include 
the effect of friction as well. 
Utilizing the energy theorem of Quinn, that the distribution of 
kinetic energy among the links is independent of instantaneous veloci-
ties, the equivalent moment of inertia is seen to be a complex function 
which is periodic in e ' the angular position of the driving link. 
2 
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In order to determine the equivalent mass moment of inertia at 
each driving link position, the kinetic energy of each must be deter-
mined at a number of positions of the driving link. This is most 
simply accomplished by assuming a unit input link velocity and comput-
ing the corresponding velocity of each link. The kinetic energy of 
each link can then be determined. The next section deals with the 
detailed description of this procedure for a four-bar mechanism, 
which, of course, could be used for any number of links. Since the 
total kinetic energy of the equivalent system must equal the total 
kinetic energy of the original system, 
KE = • KE = \ J e 2 ( 9) 




2KE /e 2 
original equivalent 
It is often convenient to set e the position of the equivalent 
eq' 
(10) 
mass, equal to the position of the driving crank in the actual mecha-
nism. 
Since a numerical solution of the equation (8) appears inevitable, 
derivation of the velocity ratio expressions of Eksergian (2) can be 
eliminated and since the coefficients of the equation (8) are periodic 
in e, the coefficients can be expressed in terms of harmonic series. 
The accuracy of the series can be easily controlled by extending the 
series as far as patience and equipment allow. This is not entirely 
satisfactory since the method precludes an analytical solution. The 
potential energy will also be periodic in e. Thus expressions for 
Jeq and PE can be written as: 
15 
m 
J A + ). (Ai cos i8 + B.sin ie) eq 0 1. (11) 
i == 1 
and, 
m 
PE c + I (C 1 cos i8 + D sin i8) 0 i 
i = 1 
(12) 
where m is large enough so that the approximation is sufficiently 
accurate. However, acceptable accuracy will depend on each specific 
applic-ation and must remain a matter of the designer's judgement. 
The general equation of motion (8) can be represented in terms of 
the harmonic series approximation as follow: 
m 
.2 
+ I (Aicos 2 KE ~ J ~ = ~(A i8 + B,sin i8) )e eq 0 1. 
mi = 1 
(13) 
PE c + I 0 (Ci cos i8 + Disin ie) (14) 
i = 1 
L = KE - PE 
hence, equation (8) becomes, 
m I i (- c i sin ie + D i c 0 s ie) = 
i = 1 
+ T (8, t) (15) 
In the case of the four-bar mechanism, the coefficients of e and 
·2 8 and derivative of the potential energy term in equation (15) are 
the same as the corresponding terms in equation (7) to the limit of 
the accuracy of the series approximation. 
Although this equation is of the same form as equation (7), it 
can be extended to any mechanism while equation (7) applied only to 
the four-bar mechanism. It is conceivable that an analytical solution 
may exist for certain cases, and certainly the problem of numerical 
solution is considerably simplified for general mechanisms. 
In order to gain insight into the application and extension of 
the analysis to mechanisms of greater complexity, a solution of the 
four-bar mechanism is presented in detail with input torque, and with 
work done by the follower link. The effect of attaching a flywheel to 
the driving link is also investigated. It will be noted that the 
conventional flywheel analysis based on constant velocity contains 
inherent errors depe~ding on the magnitude of velocity variations. 
16 
17 
CALCULATION OF EQUIVALENT MASS MOMENT 
AND POTENTIAL ENERGY 
The following analysis applies specifically to the four-bar mecha-
nism. Application to more complex mechanism would be achieved in a 
similar manner. A direct method of obtaining the equivalent mass 
moment of inertia is given in the appendix. 
In order to obt~in equivalent moments of inertia at the desired 
driving link position, the kinetic energy of each link in the four-
bar mechanism must be determined at that point for some arbitrary input 
velocity, conveniently, unit velocity. As defined previously, J is 
eq 
the mass moment of inertia of a single mass which has the same kinetic 
energy as the four-bar mechanism when both are operating at the same 
input velocity, and this mass must have the same position as the 
driving link. 
It is first necessary to write equations relating e 2 , e 3 and e4 . 
Without considering any specific numerical values at present, the gen-
eral relations between angles and lengths of the links will be derived. 
Summing horizontal and vertical distances, 
(16) 
0 (17) 
Rearranging equations (16),arid (17), 
L4 sine4 = L2sine 2 + L3sine3 
Squaring equations (18) and (19), 
L 2 . 28 4s1n 4 






2( 2 . 2 ) 2 2 2 . 2 ) 2 2 2 ) L4 cos e4 + S1n e4 = Ll + L2(cos 82 + S1n 82 + L3 (cos e3 + sin 83 
+sin e 3 (2L2L3sin e 2) 
2 2 
since cos 82 + sin e 2 1, 
2 2 2 2 
Ll + L2 + L3 - L4 - 2Ll L2cos 8 2 + cos 8 3 (2L2L3cos 8 2 
Let: A 
B 
Substituting equations (23) into equation (22), 
or, 
A+ Bcos8 3 + Csine 3 = 0, 
A + Bcos8 3 = -Csine 3 







Squaring equation (24), 
2 2 2 
A + B cos 83 + 2ABcos 9 3 = (25) 
2 2 But, sin 9 3 • 1 - cos 9 3 , so equation (25) becomes 
2 2 2 A + B cos 9 3 + 2ABcos cos 
2 2 2 (B + C )cos e 3 + 2ABcos 0 (26) 
Applying the quadratic equation to equation (26), 
Cos 9 3 
AB 
(27) = - ----+ 
+ c2-
It is convenient to solve for 9 3 first, since this is 
always between zero and 90 degrees for the mechanism used in this 
thesis and thus the cosine and sine of this angle are positive. 
This may not be the case in some other mechanism having four links. 
Also the sign in front of the radical which should be used is not 
readily determined from examination of the above equations. In order 
to determine this sign and the change in 9 3 , the linkage should 
be drawn in several positions and 9 3 be scaled from the drawings. This 
was done for the mechanism used, and it was found that the sign of the 
radical is positive for driving link angles between zero and 180 
degrees and negative for angles between 180 and 360 degrees. 
Equation (16) is rearranged to give an equation for cos e4 in 
terms of 9 2 and 9 3 • 
e3 and e4 are readily determined from equations (27) and (28). 
Basically the same method with a different approach to determine 9 3 
and e4 is given in (8). 
20 
( 
Angular velocities of the links and tangential velocities of the 
centers~~of gravity of the links can be expressed in terms of 9 2 by 
means of the velocity ratios defined by equation (1) through (6). 
Applying these ratios yields 
83 = K32e2 v Kccfo2 c 
94 K4282 X Kbx~2 
. 
v Ka28 2 y = ~ye2 (29) a 
The kinetic energy of each link is: 
KE 2 = ~ ~2~~ + M2v!] 




where J is taken the center of gravity of each link. 
By definition, 
3) 
The potential energy of the equivalent system is considered the same 
as the potential energy of the actual system. The 
the actual system is expressed as: 
energy of 
PE (34) 
where the fixed link is considered a datum line to calculate the po-
tential energy. 
Equations (33) and (34) can be easily solved to obtain the equiv-
alent mass moment of inertia and the potential energy. 
21 
NUMERICAL SOLUTION OF THE EQUATION OF MOTION 
(a) Integration with Respect to Time 
Before equation (15) can be solved, values of the equivalent 
mass moment of inertia and the potential energy must be determined. 
The equivalent mass moment of inertia may be evaluated from equation 
(33) or, if the mechanism is constructed, by experiment. Values of 
the potential energy ~redetermined by solution of equation (34). 
As previously shown, equivalent mass moment of inertia, Jeq and 
potential energy are functions of driving link position, e2 . They 
can be easily expanded in Fourier series expansion. 
22 
The coefficients for the Fourier approximation are determined by 
numerically integrating the expressions: 
A
0 
= ~ Jn: f(x)dx 
2n: -n: 
.!_ J 1( f (x) coskx dx 
2rr -1( 
.!_ J 1( f (x) sinkx dx 
2rc -n: 
f(x) is the value of the moment of inertia or potential energy as cal-
culated above. 
These coefficients of Fourier expansion can also be directly com-
puted by using the harmonic analysis shown in the appendix, which in 
23 
this case, is for twelve harmonics. 
The equation (15) of motion can be solved in two ways. One 
method is to treat time as the independent variable, i.e. to integrate 
equation (15) with respect to time. A second method is to treat the 
driving link position, e2 , as the independent variable and integrate 
equation (15) with respect to e2 • First, the first method was em-
ployed to solve the equation of motion. The fourth-order 
method was used to integrate the equation (15) of motion numerically. This 
method was selected for two reasons: (1) the method is completely self 
starting, thus no information other than initial conditions is re-
quired; (2) the method is inherently stable. Use of the Runge-Kutta 
procedure involves a number of evaluations of the functions involved, 
but this is relatively unimportant. A problem is that the truncation 
error is difficult to evaluate. 
With the Runge-Kutta method, the solution is g~nerated from the 
formula 
where 
Y + (P + 2Q ~ 2R + S)/6 + OhS 
n 
Q hf(x + ~h, y + ~P) n n 
R = hf(xn + \h, Yn + \Q) 
S = hf(x + h, y + R) 
n n 
P, Q, R and S are estimates of the change of ordinate evaluated at 
(35) 
24 
several points on the interval, h. 
Equation (35) applies only to first order equations. However, 
equation (15) can be reduced to a system of two first order equations 
by a simple substitution. For convenience, let 
Then, equation (15) becomes 
T(e, t) (36) 
Equation (36) can be reduced to two first order equations if the 
following substitution is made. 
. 
Let e = y and Y = 4>, then, 
.. . . 
e 4> and e 4>' 
substituting these relations into equation (36) yields 
u ~ + ~ v 4> 2 + w = T (e, t) (36a) 
. 
e = 4> (36b) 
Equations (36a) and (36b) can be solved simultaneously to obtain the 
solution. 
Using time as the independent variable, the equation of motion is 
solved numerically by the Runge-Kutta method for 4 cases. These are: 
(1) input at driving link equal to torque produced by an indue-
tion motor. In this case torque is proportional to the slip of the 
motor. Output torque is zero, i.e. mechanism doing no work. (2) 
Input torque same as case 1 and output torque at follower, link 4 
equal to sinusoidal torque as explained later. (3) Input torque 
same as case 1, with output being zero and smaller flywheel added to 
the input {driving) link. (4) Same as case 3, with larger flywheel 
attached at the driving link. 
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For all the cases mentioned above equation (15) can be used after 
appropriate changes are made. In all the cases initial position and 
initial velocity of the driving link are zero. Some initial positions 
of the driving link may not allow the mechanism to rotate completely. 
These positions depend upon the mass characteristics of the mechanism. 
Such positions for the mechanism should be investigated to determine 
the minimum torque required to start the mechanism from any initial 
position. 
The first case is that of driving the mechanism by an electric 
motor. The applied torque depends upon the particular motor selected. 
For certain squirrel cage motors, the torque can be assumed proportion-
al to the slip over a wide range of operation. 
where 
Slip is defined as: 
s = (N - N~)/N 
N = speed of the rotating field 
N2 = speed of rotor 
If the motor is directly coupled to the input shaft, then N2 = 9. 
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The torque, then, is given by 
This expression for torque is substituted into equation (15). 
For case two, the same input torque was applied but in addition, 
torque was taken out at link 4. Torque at link 4 was: 
where 841 and 842 are constants and are equal to minimum and maximum 
angular position of the follower. They are shown in Figure 3a. The 
output torque at link number four must be converted into effective 
torque at link 2, and this can be done by considering link 3 as a two 
force member as shown in Figure 3b. D2 and D4 are the perpendicular 
distances from 0 2 to link 3 and 04 to link 3 respectively. D2 and D4 
are different for each position of the driving link, but can. be easily 
computed from geometry of the figure. From the Figure 3a 
and 
Therefore, the torque in equation (15) becomes, T = Tin - T0 ut· 
For case three, with smaller flywheel effect, the following analysis was 
carried out: 
Jeq = A0 + L, (Ai cos 19 + Bi sin 19) 
In this case, all the terms of Jeq were divided by A0 , in effect making 
2 
the flywheel of constant mass moment of inertia = 1.0 (lb-in-sec ), 
which then represents a system having a flywheel of fixed moment of 
inertia plus the continuously varying mass. Input torque, in this 
case was kept the same as in the case one, with the mechanism doing 
no work. 


























Figure 3b. Conversion of Torque at Link Number 4 to Link Number Z 
Teq torque at link No. 2 due to T0 ut at link No. 4 
Teq ~ D2/D4 Tout 
with a large 
mass moment of inertia = 10.0 (lb-in- was also attached at the 
driving link and the motion was studied. 
(b) ion with t to Driving Link Position 
Equation (15) was with respect to time in the previous 
discussion. This equation can also be integrated with respect to e 2 . 
The results of both methods are identically the same and this was done 
to check the previous method. 
Equation (15) can be written as 
i_(oL) _ 5L = T 
dt oe 58 
where T = effective total torque at link number 2. 
In order to illustrate the application of this method, only the 




!!_.(~ - L) 
dt 58 
T = K 1 (N - e) /N 
. 2 
KS -~ 1 N 
S = 8 oL - L 00 
28 
29 
s = e - T* + U* 
. 2 
s :.::: e Jeq 
Therefore, 
= 'J2(S U*)/Jeq ' e 











K -1 ifV2<s U*)/J (37) eq 
Equation (37) can be numerically, with initial condi-
tions and J and U*to be read in as data. A computer program is 
eq 
supplied in the appendix. One obvious advantage of this method is 
that it can be integrated once analytically from acceleration to 
velocity. Equation (37) was integrated by Newton-cotes quadrature 
formula and stepsize for increment in variable 9 was selected as 4°. 
Four starting points were calculated by Hamming's method. After computing 
S in equation (37), its derivative with respect to 9 should be estimated. 
This procedure should be continued till final derivative coverages to a 
value previously calculated. 
The method {b) is faster than the method (a) and supplied velocity 
for each 4° of the driving link position. 
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(c) Method of Analysis 
The entire work was partly analytical and partly numerical. No 
experiments were performed. Problems solved were: (1) computation of 
equivalent mass moment of inertia; (2) computation of potential energy; 
(3) o~eration with torque supplied by an electric motor, no output 
torque; (4) operation with torque supplied by an electric motor and 
output torque at the follower; (5) operation with torque supplied by 
an electric motor, no output torque and added flywheel effect. Angles, 
link lengths and otqer dimensions used for the mechanism in this thesis 
are given in Table I. 
Values of the mass moment of inertia defined by equation {33), 
were determined by computer program No. 1. Figure 4 and Table II show 
the values of equivalent mass moment of inertia for one revolution of 
the driving link. Figure 5 shows the change of equivalent mass moment 
of inertia with respect to the driving link position. 
Values of the potential energy as defined by equation (34), were 
determined by computer program No. 2. Figure 6 and Table III show 
the values of the potential energies for one revolution of the driving 
link. Figure 7 shows the change of potential energy with respect to 
the driving link position. Alternatively, these values could be deter-
mined by measuring the amount of work required to move the linkage from 
the point of minimum potential energy to any given driving link position. 
Then, the work performed is equal to the potential energy change. 
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Table I. Mass Properties of Four-bar Mechanism 
Link Number 1 2 3 4 
Lensttr~ (inches) 11.0 4.0 12.0 8.0 
c. G. Location (inches) 1.89 6.0 4.64 
Weight (pounds) 3.66 4.16 5.52 
Mass 2 (lb-sec /inch) 0.00949 0.01078 0.01430 
J ~lb-in-sec 2 } 0.02901 0.16583 0.09816 
K1 , input torque proportionality (lb-in) = 50.0 
K2 , output torgue proportionality (lb-in) = 25.0 
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Table II. Equivalent Mass Moment of Inertia 
e2 Equivalent Moment e Moment 2 
(Degree) 2 (1b-in-sec ) (Degree) (1b-in-sec 
0 0.31410658 186 0.17116225 
6 0.23280859 192 0.15874553 
12 0.17067492 198 0.14801872 
18 0.13411021 204 0.13916099 
24 0.12230289 210 0.13230181 
30 0. 12992871 216 0.127 53 284 
36 0.15028715 222 0.12492126 
42 0.17736900 228 0.12452394 
48 0.20667601 234 0.12640405 
54 0.23523736 240 0.13064456 
60 0.26129293 246 0.13736141 
66 0.28392327 252 0.14671361 
72 0.30274332 258 0.15891242 
78 0.31768179 264 0. 17422497 
84 0.32883871 270 0.19297314 
90 0.33639920 276 0.21552038 
96 0.34058213 282 0. 24224472 
102 0.34161675 288 0. 273l4-7 541 
108 0.33973193 294 0.30938780 
114 0.33515239 300 0.34982300 
120 0.32810640 306 0.39401138 
126 0.31883061 312 0.44018507 
132 0.30757701 318 0.48511684 
138 0.29462206 324 0.52372968 
144 0.28027010 330 0.54910910 
150 0.26485550 336 0.55341911 
156 0.24874163 342 0.53015959 
162 o. 23231220 348 0.47750645 
168 0.21596134 354 0.40113509 
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Table III. Potential Energy 
e Potential Energy 82 Potential Energy 2 
(Degree) (in-lb) (Degree) (in-lb) 
0 39.64721680 186 30.62098694 
6 40.57099915 192 28.45239258 
12 41.57038879 198 26.39927673 
18 42. 70028687 204 24.48611450 
24 43.97908000 210 22.73498535 
30 45.39186096 216 21.16583252 
36 46.90003967 222 19.79618835 
42 48.45190400 228 18.64129639 
48 49.99092102 234 17.71438599 
54 51.46163940 240 17.02653503 
60 :;2.81306458 246 16.58663940 
66 54.00050354 252 16.41611330 
72 54.98625183 258 16.47590637 
78 55.73985291 264 16.81120300 
84 56.23799133 270 17.40628052 
90 56.46426392 276 18.25621033 
96 56.40895081 282 19.35144043 
102 56.06854 248 288 20. 6 7 7 017 21 
108 55.44535828 294 22.21101379 
114 54.54736328 300 23.92338562 
120 53.38768005 306 25.77418518 
126 51.98391724 312 27.71290588 
132 50.35801697 318 29.67855835 
138 48.53550720 324 31.60227966 
144 46.54475403 330 33.41357422 
150 44.41682434 336 35.05076599 
156 42.18421936 342 36.47486877 
162 39.88050842 348 37.68307495 
168 37.53941345 354 38.71516418 
174 35.19444275 360 39.64694214 
180 32.87794495 
192 240 288 336 360 
Driving Link Position (Degrees) 


















Driving Link Position (Degrees) 
Figure 7. Variation of Potential Energy With Respect to the Driving Link Position 
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Figures 8, 9, 10, and 11 show the results of the solution of 
equation of motion for input torque only. The initial conditions were 
8 = O, e = 0. The case in which the mechanism is driven by an electric 
motor is important since it is likely that this form of drive would be 
used. To illustrate the method, the motor was assumed to have a torque 
that was proportional to slip over the entire range of slip (zero to 
1. 0). "'fhat is, at start the torque is maximum and decreases linearly 
with slip until synchronous speed is reached. At this point the torque 
is zero. This is not exactly true, particularly at starting, but the 
approximation is good at operating speed. For these calculations, the 
constant of proporti~nality was selected as K 1 50.0, i.e. starting 
torque equal to 50 lb-in. Synchronous speed was selected at 900 RPM. 
Two methods to integrate equation (15) as discussed before were used 
for this case. The results were identical. Figures 8, 9, 10 and 11 
show the effectiveness of including various numbers of harmonics. 
This was done by including one through twelve term approximations of 
J and PE 
eq Comparison of these figures shows that the second har-
monic is large and contributes a considerable influence to the varia-· 
tion of velocity of the driving link. A comparison of curves of six 
and twelve harmonics shows that there is little difference between 
them. This can be expected by observing the Fourier coefficients of 
Jeq and PE. Harmonic coefficients higher than the order of six are 
quite small and in this case have very little effect on the solution. 
However, when a computer is available it would be advisable to use all 
twelve harmonics to obtain the solution as accurately as possible. 
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Figure 8. Transient Motion of Mechanism - Case 1, First Approximation 
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Result of Using up to Second Harmonic Terms of Jeq and PE. 
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Figure 9. Transient Motion of Mechanism - Case 1, Second Approximation 
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Result of Using up to Twelve Harmonic Terms of J and PE. eq 
1.0 1.5 2.0 
Time (Seconds) 
Figure 11. Transient Motion of Mechanism - Case 1, Fourth Approximation 
2.5 
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A linkage with the same input torque as discussed in case 1 and 
output torque at follower 
was solved and the results are shown in Figures 12, 13, 14 and 15. In 
this case, one should bear in mind that the output torque at the 
follower must be converted to equivalent torque at the driving link 
before solving the equation of motion. The constant of proportionality 
for the output torque was K2 = 25.0. 8 41 and 8 42 can be determined 
easily from the geometry of the mechanism. Again, Figures 12, 13, 14 
and 15 show the effect of different harmonics of J and P. E. Velocity 
• eq 
fluctuations are increased in this case with greater peaks than the 
case in which no output torque was considered. 
Total torque· at link 2, due to input and output torques at link 2 
and link· 4 respectively, can also be calculated by giving slight dis-
placement to link 2 and estimating the displacement of link 4. Then, 
total torque at link 2 is: 
T = Tin - T(effective) out 
computer program No. 5 is written to solve the equation of motion with 
these torques. Subroutine is written to convert the output torque at 
link 4 to effective torque at link 2. 
140 
120 Result of Using up to First Harmonic Terms of Jeq and PE. 
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Figure 14. Transient Motion of Mechanism - Case 2, Third Approximation 
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Figure 15. Transient Motion of Mechanism - Case 2, Fourth Approximation 
The last case, where the flywheel was attached at the driving 
link was considered for two flywheels of different mass moment of 
inertia. First, all the terms of the harmonic approximation of J 
eq 
were divided by the mean value, A . Then, this mean value was made 
0 
equal to unity. This in effect, provides a flywheel with mass moment 
of inertia equal to unity. The entire system then becomes a combina-
48 
tion of fixed mass moment of inertia plus a continuously changing mass. 
Figures 16, 17, 18 and 19 show the result of this analysis. Velocity 
fluctuations were considerably decreased in this case as was expected. 
However, steady-state was reached much later than in the other cases. 
Figures 16, 17, 18 and 19 show the effectiveness of inclusion of 
various numbers of harmonic terms of Jeq and PE. They also indicate 
that the larger flywheel should be used to reduce the velocity varia-
tions. 
A larger flywheel with mass moment of inertia of 10.0 (lb-in-sec2 ) 
was attached at the driving link to study the dynamic characteristics 
of the mechanism with a large flywheel. Figures 20 and 21 show the 
result of the solution of the equation of motion for this case. Unlike 
the previous cases, the effectiveness of the inclusion of various 
numbers of harmonic terms of J and 
eq PE •. is not shown. This is be-
cause of the large mean value of the Fourier approximation due to the 
larger flywheel. Only the twelve term approximation is shown in 
Figure 20. Figure 21 shows the velocity variations for one revolution 
(SOOth revolution) and it can be observed that it is comparatively 
very smooth. In this case only the input torque was considered and 






























Result of Using up to First Harmonic Terms of J and PE. 
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Flywheel at the Driving Link 
Moment of Inertia of Flywheel = 1.0 (lb-in-sec2) 
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Result of Using up to Second Harmonic Terms of Jeq and PE. 
Flywheel at the Driving Link 
MOment of Inertia of Flywheel = 1.0 (lb-in-sec2) 
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Result of Using up to Six Harmonic Terms of J and PE. 
eq 
Flywheel at the Driving Link 
Moment of Inertia of Flywheel = 1.0 (lb-in-sec2) 
0.5 1.0 1.5 
Time (Seconds) 
2.0 
Figure 18. Transient Motion of Mechanism - Case 3, Third Approximation 
2.5 
Result of Using up to Twelve Harmonic Terms of Jeq and PE. 
Flywheel at the Driving Link 
Moment of Inertia of Fl~vheel = 1.0 (lb-in-sec2) 
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Result of Using up to Twelve Harmonic Terms of J and PE. 
eq 
Flywheel at the Driving Link 
Moment of Inertia of Flywheel = 10.0 (lb-in-sec2) 
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Result of Using up to Twelve Harmonic Terms of Jeq and PE. 
Flywheel at the Driving Link 
Moment of Inertia of Flywheel = 10.0 (lb-in-sec2) 
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280 320 
Figure 21. Steady State Motion of Mechanism For One Revolution - Case 4 
360 
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It is interesting to note that the maximum velocity does not 
occur at the point of minimum potential energy as would be expected 
if J were constant. For the mechanism used here, the peak velocity 
eq 
occurs at the point of minimum equivalent mass moment of inertia, which 
occurs at 223 degrees of the driving link position. This may not be 
a general observation in some other mechanism, especially when the 
PE and its variation with respect to the driving link position are 
predominant. The amplitude of the fluctuations increases as the average 
velocity increases. These fluctuations are solely due to changes in 
mass properties. Examination of any one cycle, for all the cases 
considered, shows that the velocity variations are similar in appearance 
for all these cases. It would seem that these velocity changes are 
more dependent on the inertial properties of the mechanism than on the 
nature of the output and input torque or on the initial conditions. 
The coefficients of Fourier expansion for Jeq and PE are given 
in Tables IV and V respectively. Program No. 3 can be used if twelve 
and only twelve harmonics are calculated. The more general program 
No. 7 can be also used. 
Program No. 3 is specially written to calculate twelve terms of the 
Fourier series expansion. The method illustrated in the Appendix (b) is 
used. In order to evaluate the Fourier coefficients, 30 pQints equa~ly 
spaced on a curve must be read into the computer. The READ statement 
is used to supply 30 data points. 
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Table IV 
Fourier Coefficients of Equivalent Mass Moment 
N An Bn 
0 0.26460469 0.0 
1 0.07503933 0.1559852 
2 -0.07503933 -0.12130183 
3 -0.00339100 -0.07258052 
4 -0.00647495 -0.04039742 
5 -0.00472980 -0 .. 02020467 
6 -0.00304495 -0.00970048 
7 -0.00174378 -0.00450144 
8 -0.00094650 -0.00204671 
9 -0.00048331 -0.00091151 
10 -0.00024083 -0.00040233 
11 -0.00011871 -0.00017666 
12 -0.00005506 -0.00007703 
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Table V 
Fourier Coefficients of Potential Energy 
N An B n 
0 36.62548800 o.o 
1 3.33745380 18.73217800 
2 -0.32335913 -2.47949300 
3 0.07551366 -0.90179729 
4 -0.02343648 -0. 3 28 20386 
5 -0.02036558 -0.11938882 
6 -0.01244405 -0.04317158 
7 -0.00647487 -0.01550598 
8 -0.00423787 -0.00572503 
9 -0.00150344 -0.002308019 
10 -0.00042318 -0.00101484 
11 -0.00002518 -0.00060221 
12 -0.00000407 -0.00019535 
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(d) Summary of Method of Analysis 
Summarizing, the dynamic characteristics of plane mechanisms 
can be best studied by energy methods. Though the work becomes compli-
cated-;and seemingly difficult for greater numbers of links, the basic 
approach to the solution for transient and steady-state velocity remains 
the same. In the present work only a four-bar linkage is used to 
illustrate the method. Once the relationship between link angles with 
respect to the drivi~g link, and equivalent mass moment of inertia and 
potential energy are obtained, the equation of motion (15) would be of 
identical form and is solvable by the same technique. 
For clarity and simplicity the following stepwise procedure can 
be used to study the velocity fluctuations of any plane mechanism. 
(1) Determine the relationship between the various link angles. This 
can be done by drawing the linkage in various positions and observing 
these angles. (2) Determine the equivalent system which replaces the 
actual mechanism, where the kinetic energy of the equivalent system is 
equal to the kinetic energy of the original system. Thus, 
where, 
N Number of links 
N I KEi 
i = 1 
e Velocity of driving link 
Generally the velocity of the driving link of the real mechanism is 
used as the input velocity for the equivalent system. 
N 
J = 2 ( L KE i) /9 2 
eq i = 1 
As J is a function of the position of the driving link, i.e. J 
eq eq 
f(6), it can be determined for any arbitrary value of e. 





2 • 2 
T-i == ~ + ~ Jgi ei 
... i gi 
Mass of the ith link 
Velocity of mass center of ith link 
Moment of inertia of ith link 
Angular velocity of ith link 




L l. 2 • 2) KE = ~(M V + J e. , total i gi gi 1.. i = 1 
KEtotal KE eq 
.2 
KE = ~ J e 
eq eq ' 
v . e. 2. 
59 
N t 2. J i ~1 Mi( ~1) + Jgi(+) (38) 
hence J is independent of the speed of the mechanism as can be seen 
eq 
from equation (38). The program shown in the appendix can be modified 
for any mechanism. (3) Determine potential energy. Assume the po-
tential energy of the equivalent system be the same as the potential 
energy of the actual 
P. E. 
eq P. E. actual 
The fixed link can be considered as a reference link. 
wi w~ight of ith link 
h 1 = height of e.g. of ith link from reference link 
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The program shown in the appendix can be used. (4) Evaluate the equiv-
alentmoment of inertia and the potential energy for a specific number 
of driving link positions. (5) It is not necessary to express the co-
efficients in the equation of motion (15) as a harmonic series in order 
to achieve a numerical solution to the equation. However, the coef-
ficients of the series can be interpreted in physical terms and better 
insight into available suitable approximations are more easily made if 
the series approximation is used. For example, if all harmonic coef-
ficients are taken as zero but A0 , then the Jeq is constant and the 
mechanism reduces to the equivalent of a simple cylindrical disk with 
no variation in potential energy. A first improvement in the approxi-
mation can be made by including the first order harmonic terms by 
specifying four constants instead of a large number of individual 
values as the coefficients of the equation. 
Using harmonic analysis calculate the coefficients of the Fourier 
series expansion of J and P. E. The method shown in the appendix is 
eq 
a simple method and can be used for evaluation of 12 harmonics. To 
do this, divide the curve in 30 equal intervals, first at 6 degrees, 
second at 18 degrees, and so on. Read these points as data in the 





(Aicos ie + Bisin iS) 
1 
(Cicos iS+ Disin 
1 
For all practical purposes inclusion up to 12 terms is quite accurate. 




P. E. g (8) 
KE = ~ f(S) ~ 2 
eq 
using the 
After app differentiation and substitution in the Lagrange 
equation, the equation of motion becomes 
e f(8) + 
2df(8) + dg(e) 
de de 
T (8, t) 
which is of the same form as equation (8) and holds good for any plane 
mechanism. This equation can be solved by integrating with respect to 
time or e 2 . The programs in the appendix can be used for both of 
these. For any specific problem they can be easily modified. 
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Once the solution is obtained and time, 92 and e·2 are obtained' one 
can plot the time versus 82 or 82 versus ez and observe the steady 
state veloci fluctuations. (7) It is evident that velocity has the 
same value for same , i.e. it is periodic in e2 , i.e. also periodic 
in time. A harmonic analysis can be made to obtain Fourier coefficients 
for s state veloci Also a polynomial approximation using the 
least squares method can be used. Figure 22 shows steady state velocity 
for one revolution of driving link. 
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Figure 22. Steady State Hotion of Hechanism - Case 1 
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STEADY STATE VELOCITY OSCILLATIONS 
If one is interested in knowing the velocity of a driver after 
it has rotated through several revolutions in a certain time, rather 
than knowing the initial velocity fluctuations, one has to solve the 
equation of motion (15) and study the velocity oscillations. It can 
be noticed from the results of this work that the velocity starts from 
zero and reaches up to a higher value and then drops to some lower 
value. It starts increasing again and this time reaches a peak which 
is higher than the first one. It then drops again to a lower value. 
This phenomena repeats each time with each new peak being a little 
greater than the previous one. After the driving link has turned several 
revolutions, these peaks level out as can be seen from previous curves. 
Then, the mechanism can be said to have reached a steady state in 
which the motion is truly periodic. 
An analytical determination of steady state velocity should be 
sought as a function of time or e 2 • Then one could always predict 
what would be the velocity at a certain crank position, e 2 or at a 






+ (E.cos it + F.sin it) 
l l 
where i = 1, 2, ••• nand n being sufficiently large to make this 
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Fourier approximation as accurate as possible. 
The author has made such an assumption for steady state velocity 
and tried to determine Ei and Fi by substituting this expression into 
the equation of motion (15). 
The equation of motion is 
dJ 
_ ~ .2 dPE 
J 9 + ~ de 9 + de eq T(9, t) 
differentiating and squaring the expression for e, and substituting 
in the above equation yields 
~ [-E1 sin it + F .cos it]J +~Eo +~ (E.cos it + F. sin it)] 2 l. eq l. l. 
dJ 
~ T(9, t) + dS d9 
This equation has to be solved in order to determine the Fourier coef-
ficients Ei and Fi. Of course, J and eq PE are pure functions of 
e (driving link position) and are determined beforehand. Solution of 
this equation for E. and F., if not impossible, seems extremely diffi-
l. l. 
cult. 
On the other hand, one can very easily determine these coeffi-
cients by observing the curves of e vs time or e vs e and observing 
the periodicity of oscillation. For one revolution each point of 
driving link position from 0 to 360 degrees can be read in computer 
program No. 7 which is supplied in the appendix. Also the number of 
coefficients required should be read in. Work, then, becomes very 
simple. The harmonic analysis supplied in the appendix cannot be used 
here as it is only good for twelve harmonics and in it data 
may not exceed 30. Fourier coefficients for state veloci 
were determined by assuming e as a function of time and as a 
function of the driving link position. Table VI contains the value 
of the steady state velocity for one revolution of the link. 
Tables VII and VIII contain the Fourier coefficients of steady state 
veloci~y in terms of 9 and time respectively. 
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Table VI. Steady State Velocity for One Revolution 
e Velocity e Veloci 
2 2 
(Degree) (rad/sec) (Degree) (rad/ sec) 
0 80.401566 184 108.172230 
4 88.644058 188 111.031390 
8 98.411423 192 113.860520 
12 108.992770 196 116.618040 
16 118.845980 200 119.246900 
20 125.843990 204 121.681170 
24 128.387390 208 123.856870 
28 126.507920 212 125.693240 
32 121.644640 216 127.118680 
36 115.466690 220 128.093380 
40 109.167570 224 128.575070 
44 103.353490 228 128.547260 
48 98.257050 232 128.011080 
52 93.916870 236 126.955370 
56 90.277740 240 125.403520 
60 87.258484 244 123.382030 
64 84.763412 248 120.947100 
68 82.712250 252 118.164200 
72 81.035110 256 115.095980 
76 79.676102 260 111.797000 
80 78.594849 264 108.320940 
84 77.759369 268 104.710430 
88 77.144669 272 101.010130 
92 76.7 25555 276 97.272827 
96 76.483551 280 93.540512 
100 76.401993 284 89.858215 
104 76.470932 288 86.257584 
108 76.685150 292 82.765213 
112 77.044083 296 79.405914 
116 77.544708 300 76.205826 
120 78.185837 304 73.197128 
124 78.968048 308 70.412369 
128 79.887115 312 67.885406 
132 80.946060 316 65.651566 
136 82.147919 320 63.749146 
140 83.498306 324 62.223297 
144 85.004242 328 61.129379 
148 86.666183 332 60.533624 
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Table VI. Steady State Velocity for One Revolution 
(Continued) 
82 Velocity 92 Velocity 
(Degree) (rad/sec) (Degree) (rad/sec) 
152 88.487610 336 60.530121 
156 90.464554 340 61.216415 
160 92.594345 344 62. 7 213 29 
164 94.873764 348 65.200623 
168 97.300797 352 68.836731 
172 99.863083 356 73.835617 




Fourier Coefficients of Steady State Velocity 
with Respect to the Driving Link Position 
e = E + \ (Encos ne + Fnsin ne) 
s.s. o L 
N E F 
n n 
0 94.06626892 0.0 
1 -11.57707310 -6.60873604 
2 5.48538876 22.71678162 
3 3.76788616 7.86389256 
4 -1.22187901 5.97793007 
5 -1.58841228 3.48534584 
6 -1.93764185 1.53639984 
7 -1.67765999 0.45161957 
8 -1.24477100 -0.21409923 
9 -0.83375460 -0.51959997 
10 -0.49087858 -0.60598314 
11 -0.24764442 -0.57232732 
12 -0.09257787 -0.48809075 
13 -0.01978914 -0.39246142 
14 0.01932199 ..:o. 2979853 2 
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Table VIII 
Fourier Coefficients of Steady State Velocity 
with Respect to Time 
6 = E + \ (Encos nt + Fnsin nt) 
s. s. o L 
N E Fn n 
0 88.87130737 o.o 
1 -12.54696274 -1.89190960 
2 8.11058807 21.74436951 
3 2.75117016 3.15545177 
4 -3.65408993 6.10367775 
5 -1.75535583 2.77506542 
6 -3.25837898 0.51597548 
7 -2.36186314 -0.18510139 
8 -1.66818523 -1.26832199 
9 -1.03938389 -1.41122818 
10 -0.34194350 -1.41046143 
11 0.05162853 -1.19513988 
12 0.31558776 -0.86344397 
13 0.40369159 -0.56701362 
14 0.37094325 -0.29949480 
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CONCLUSIONS AND RECOMMENDATIONS 
An equation of motion covering the transient and steady state 
dynamics of the general plane mechanism has been derived and studied. 
No general solution could be obtained, but the techniques of numerical 
solution have been extensively explored and several factors affecting 
solution accuracy have been considered. No definitive statement can 
be made concerning solution accuracy, but the results are believed to 
be substantially better in terms of approaching the true motions than 
those obtainable by existing methods. 
The mechanism is reduced mathematically to a rotational system 
with a single degree of freedom in which the mass varies with time or 
position. Such a representation has an advantage in studying the 
transient dynamics as demonstrated in this thesis and also will be 
very helpful in solving the vibratory characteristics of a mechanical 
system of which the mechanism is a part. The techniques of solving 
the vibrational problem would be a useful extension of this work. 
For very accurate analysis, the motion of the driving link cannot 
be assumed as is done in the conventional method. It varies throughout 
the cycle and depends on the inertial properties of the mechanism. 
The similarity of the motion for the three cases considered in 
this thesis shows that the shape of J versus e curve has a large 
eq 
influence on the motion. Minimizing change of the equivalent moment 
of inertia would reduce the velocity fluctuations. A study to deter-
mine the effects of changing the relative values of the moments of 
inertia and center of gravity locations of the individual links in 
the mechanism would be of interest and should provide some guidelines 
to the designer. 
The effect of providing a f 1 at the driving link is very 
interesting. Results of attaching a flywheel to the link 
show that even though the fluctuations are reduced in magnitude the 
basic appearance of velocity variations for any one cycle remain 
much the same. As e~pected, the time required to reach substantially 
steady state conditions is increased over the case where no flywheel 
is applied. This time is of great significance in some cases. 
Once the steady state velocity condition exists, it becomes quite 
easy to obtain an approximate expression in the form of a Fourier 
series expansion, and one can always closely predict velocity at a 
given driving link position. 
Since all the cases discussed in this thesis are of practical 
interest, it would be desirable to build the mechanism so the exper-
imental verification of the numerical solution could be obtained. In 
building the apparatus, three things should be considered: (1) heavy 
bearings should be used, (2) all shafts for the recordings should be 
rigid, and (3) the base on which the mechanism is mounted should be 
very rigid to withstand large acceleration changes. These changes 
should eliminate the problems of alignment and excessive deflections. 
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APPENDIX 
(a) Computer Program Employed 
Seven programs were written to perform the various solutions 
which were required in this investigation. These were: (1) a 
program to compute the equivalent mass moment of inertia; (2) a 
program to compute the potential energies; (3) a program to evaluate 
the Fourier coefficients for equivalent mass moment of inertia and 
potential energy; (4) a program to solve the equation of motion with 
input torque at the driving link; (5) a program to solve the equation 
of motion with input torque at the driving link and the output torque 
at the follower link; (6) a program to solve the equation of motion 
with input torque only and integration performed with respect to the 
driving link position, 9 2, instead of with respect to time as done in 
the programs (4) and (5); (7) a program to compute Fourier coefficients 
of steady state velocity. 
(1) Program to compute equivalent mass moments of inertia 
This program first solves equation (23) through (28) 9 and 
3 
for given values of 9 2 . The IF statement determines the proper 
sign on the radical in equation (27). If this program is used for 
any other four-bar mechanism, care should be exerted to insure that 
the logic gives the proper sign. Necessary velocities are computed 
solution of equations (1) through (6) and equations (29). The 
7 
kinetic energies are calculated from equations (30) through (32). 
The equivalent mass moment of inertia is evaluated from equation (33). 
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(2) Program to calculate potential energy 
The first part of this program is identical to the previous 
gram. However, since potential energy is a function of position alone, 
it is not necessary to compute the velocities of the members. The 
potential energy is evaluated by solution of equation (34). Programs 
(1) and (2) could be easily combined. The only change required would 
be thevariable name of the angular velocity in program (1), since 
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r l\ L 1 
(3) Program to evaluate Fourier coefficients harmonic 
sis 
This program is specially written to calculate twelve terms of 
the Fourier series expansion. The method ained in (b) 
is used. In order to accomplish this, 30 points 
curve must be read into the computer. The 
30 data.~points. 
on a 
statement will supply 
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(4) and (5) Programs to solve the equation of motion 
This program solves the system of equations which are equivalent 
to equation (36) by means of the Runge-Kutta method which is defined 
by equation (35). Since two equations are involved, two sets 
estimates of change in ordinate are required. These are named P, Q, 
R, S and PA, QA, RA, SA. The program consists of repeated evaluations 
. 
of theSt!· eight terms and e and e. Although these calculations are 
lengthy, they are not complicated so the program can be followed 
without great difficulty. 
Program No. 4 is set up for the input torque applied by an 
electric or hydraulic motor. This can be easily modified for any 
type of torque. For example, program No. 5 is written for the input 
torque at the driving link as well as the output torque at the follower 
link. To do this it was only necessary to write a subroutine to convert 
the output torque at the follower into an equivalent effective torque 
at the driving link. 
(6) Program to solve the equation of motion 
This program is essentially the same as program No. 4 written 
for the input torque only. However, in this case the equation of 
motion was with respect to the driving link position, e 
ins of integrating with to time, as was the case in the 
program No. 4. In this case instead of and P. E. at 
point, it was neces to these at four 
interval.. This is much than No .. 4. 
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Q=H*(PT{J}+.'i*PAJ 
I J 1\0 
V=0. 
t,J n. 





U= U + 1\ ( I ) * Z A + R ( J 1 * 7 1\ 






R=H*(PT(J)+.5*QA) , , 
U=i'ln 
V= () • 
w=n. 





U-=U+,~( ll*lA+P.( 11*71\ 
V=V-YI*( A( I )>:t7 A-R{ I l*ZA) 




R 1\ H * ( - . 'l * V * .r P T ( ~J ) + • 5 * 0 1\ ) * ( P T ( J ) + • 5 * Q A ) ~ W + T ) I U 









U=ll+A (I) *ZB+A {I l *Z f\ 
V=V-Vl*(A(I)*7A-R(l)*ZRJ 
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l::>? ~..~ w-vT*fr.f T >*71\-0f r J*7RJ 
1\~ P~{J)+~ 






l = ,J 
(J).:::7*H 




1 0 0 F n R M ~~ T ( 2 l 1 0 ) 
101 F lRMt\T(4Fl7.A) 
10? FflRM/I,T(6Fl?.~). 
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3 0 0 F '1 R MAT ( T 2?, ' h. t , ? 7 X , ' A ' , ? 7 X , t C t , 21 X , ' n' II { T 1? , 't ( f 1? •' A , l F. X } I l l 




C Nn"'1f LATURF 
C XL LINK LE"'GTH 
C C~=( TFR OF GRAVITY 
C X J MOM F N T n F I N F R T I A 0 F l I NK 





XL 3= 1?. 
XL 4:::: A. 
X'-1 1.66/1A6. 
'(,., 1= , ... 16/1116. 
X\14=~.52/3A6. 
XJ .IJ?qOl 
X ,J • 16 'l A 3 
XJ't=. OQA 16 
~1 tXLl**~J+(Xl7**2)+(XL3**2)-(XL4**2) 
1\? ?.*XL l*Xl? 
~~ ?.*XL Xl3 






0 1 = ( ~**?)- ( r.:::~*?) 
R,:::: (R-:(o:C'?) +((~lo:*?) 
<::=CA**2)*(C**2) 
T= (A**?)-( R:<~*?) 
P (h** )*(R «;'>) 
I r: ( T ?-P I ) l , l , ? 
CT1:(-I\*R+SODT(P-Rl*R))/R 
<;T~=(-A*C+SORT(S-R*T))/P 







f lJ = D ? I 11 '• 
T t\ N'•= S Tt+ /CT4 
T 1+ = J\ T AN ( T AN 4 ) 
fJ={T4) 6,Q,q 
6 T4=T4+PI 






C '1 F U 1\ T I F MO T I flN I NT f G R 1\ T F 0 W I T H R E S fl Fr. T T T H r i 
C IT I ON f1 F n~ f V f NG ll Nfl 
C RP"1, 30:+:PI RAOISFC. 
l\1 ,J ("::\70) 
lMf\1 tnN TH Tl\f~'70),Tf170l,OERV(370J,Uf370),0Tf~70) ,nc;(«;) ,c;( ~70 
1\fl( 1, 100) (JFQ(K ) 9 U(K) 1 K=l.,ql) 
n t 1. s 
'~' J n 
ITF( ~, 11) 





H=,., r 14!i. 
TTFR 150 
f)r1 15 1<=1,5 
THFTI\IK+QO)=THFT~(K) 
U(K-t-<JO)=U(K) 
15 JF (K+QO)=JFQfKl 
Sfll=Ufl) 
11 E R V ( l ) = c; 0 • - 0* S Q P T ( -? • :eq U { 1 ) - S C 1 ) ) I J F Q ( l ) ) 
S ( ? ) = S ( l ) +H * 0 F R V f 1 ) 
DERV(2)=50.-D*SQRT(-?.*(U(:;>)-Sf2))/JFQf?l) 
~ ( ? ) S ( l ) +HI 7. * { nr: H V ( 1 ) +OF R V C 7 l ) 
n F R V ( 7 ) = 'i 0.- D* S Q R T ( - ? • * P J( ? ) - S ( ) ) I J F Q ( ? ) l 
5{ ~) S( l )+2.*H*OEPVf ?) 
I) R V ( ~ ) 50 • - 0 * S Q R T ( - ? • * { l 1 ( 3 ) - S ( 3 ) ) I J F Q ( ~ l ) 
S(::>) S(l )+Hil2.*('i.*OFP.V(ll+B.*DFRVf7)-0ERV(3)) 
OFRV(2)=50.-D*SQRT(-7.*(Uf2)-S(?))IJFQ(2)) 
S ( ~) = S ( 1 ) +HI~. * { OF~ V ( 1 ) + 4. *D F f~ V f ? ) + 3. * D F R V ( "::\ ) ) 
0 F R V { ~ } ') 0 • - 0* S Q R T ( - ? • * { t H ":\ ) - S ( 3 ) ) I J F Q ( 1 l ) 
S( td <;( 1 )+HI?40.*( 1AO.*DERV( 1 )-600.*0ERV{2l +2":\5'i.*OFRV(3) l 
D V ( 4) ='50.- 0* SORT (-?. * ( U ( 4) - S C 4 ) ) I J F Q ( 4) l 
S( ) S(l )+HI?4.*(q.•n~RV(l)+1Q.*DFRV(?l-5.*0ERV{1)+0FRV(4) l 
R V ( ? ) '50 • - D* S (J R T ( 2 • * ( t J ( 2 l - S { 7 l ) I J ( 2 l l 
S( ~) S( 1 )-t-HI1.*(DFRV( l )+'+•*DFRV(2}+1.*0FRV(":\) l 
0 V{1} 50.-0*SORT{-7.*(U(3)-S(3))1JFQ(1)l 
S(4J Sfll+H/740.*(qO.*DFRV(l)-t-270.•nERVt2)+1485.*0ERV(1)+?<lo 
1 ( ,., ) ) ~ ... ~ 
PV(4) 50.-0*SORT(-2.*(U(4)-S{4)JIJFQ(4)) 
6 NIH Mll+l 
fF(MlJ-?'i) }0'),10 ,106 
10 WRTTF{~,310) (OERV{J),S(JJ,OS(J),J=2,5) 
310 MAT(3Fl0.5l 
TO 11 1 
1 5 M= 7, 4 
n (t.1} V(Ml 
ll 1 '7 
Cll+- 24.*( "' RVIll+l9.*DERV{2)-'5.*0FRV(3)+0FRV(4)) 
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<;( ~)=S(l l+-HI3.*(nFRV(l )+4.*DfRV{?)+OERV(1}} 
S(4l=S(l}+-HI9.*(3.*f)[RV(l)+Q.*OFRV(l)+Q.*OEPV(3)+1.*f)FDV(~)) 
f)fl 1 K=?,4 
1 n F R V ( K l = !::i 0.- D* SORT (-?. * ( tH K)- S ( K l ) I J F Q ( K ) ) 
nrJ 4 L=2,4 
I~ ( ARS C OF~V f L) )-l.E-4) R4, A'5, R'5 
A'5 Ol=DFL*ARS(OFRV(L)) 
I~ C "R S ( D FR V { L ) -n ') { L } ) - n L l 't , 4., 6 




S ( 1)·= S ( 1 ) +H/ 3. * ( !1F R V ( 1 ) + 4. *f) E R V ( 2) +D ER V ( ~) l 
S { 4) = S { l ) +H 18. * ( 1. *n F R V { 1 ) +q. *OF R V ( ? l + 9. *0 E R V ( 11 +- 3. * DF R V ( 4 l ) 
S C '1 ) = S ( 1 ) +X rv1 Ul T * H * ( 7 • *DE R V ( '~ ) -f) E R V ( 3 ) + i' • * 0 E R V ( 'l ) ) 




0 F. R V t 5 ) =50.- n* SQ R T {- 2. * ( IH 5 l-S ( 5) ) I J E Q t 5 J ) 
JF(ARS(OERV(5} )-t.F-'il A8,8A,RQ 
Rq fJL=DFL*ARS(OFRV{ '5)) 
JF(/\~S(DFRV{Ci)-OS{ l) )-Ol)77.,77,lll 
RR TF(/\RS(DFRV(l:l)-05( l) )-l.F-9)77.,77,111 
77 CflNTINUE 
nT(l>-=O. 
nn ll:\0 K=?, 5 
150 IJT (K )=S0RT(-2.*(lHK )-S(K)) IJEO(K)) 
T(ll-=0. 
T { ;> ) -= ( T H F T A ( ? l - T l1F T l\ ( l l l *? • I ( n T { t ) +f) T ( ;> ) l 
T ( 1 ) = T ( 2 l +HI? /-t. * ( q • /0 T ( 2) + 1 q. I 0 T ( '3 ) -5 • I D T ( 4 l + 1 • I 0 T ( 'i) ) 
T(4l= T(2)+HI3.*(1.10T(2)+4.IOT{1)+l.IDT(4)) 
T(Cll= T(2l+H/8.*('3.IOT(2)+9./0T('3)+9./0T(4)+3.10T{~)) 
nn 1? I=l,ITFR 




T n=K -/+ 






IF ( 1\ R S ( 0 FR V ( K) ) - l. F- 4) A, R, q 
9 ~L=DFL*ARS(OFRV(K)} 
tF(/\RS(OERV{K)-DS{l) )-OLJ7,7.,ll 
3 fF(/\BS(DERV(KJ-DS{ ll )-l.f-917.7,11 
7 nT(K)=SQRT{-?.*tUfK)-S(K)l/JEQ(KJ) 
777 T(K)=T(JC)+H/~.*(~./OT(lC)+9./0T(IA)+Q./OT(TAl+1./0T(K)l 
IT f3, 14) (tl ,THFTA(LLl,OT(LlltT(lL),ll=l,qfl) 
f)q Ji; KK=l,'i 
TI\=KK+90 
T(KK)::::T( Ji\) 
OFPV(KKl OF:PV( If\) 
S(KK) Sf II\) 









(7) Program to evaluate Fourier coefficients 
This program integrates the expressions defining the Fourier 
coefficients. In order to accomplish this, a finite number of equally 
spaced points must be read into the computer. A convenient feature 
94 
of this program is that the solution includes the error in the approxi-
mation at each point. 
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C PPQGR~M NO 7 
C T H I S P R 0 G R J\ '1 F f T S 1\ F nu f1 I f: R r: U R V F T n ~ S E T 0 F P n NT S F 0 R S T F 1\ 0 Y 
C STJ\TF VELOCITY 
C N~TATtn~. N=NUMAFR OF COEFICIENTS. 
C Nr1P-=NUMRFR OF fNOFPFNDENT 01\TI\ POINTS. 
C h=CnrFtCTFNTS OF SINE A=COEFICIENTS OF COSI~F 




C ~FJ\0 THF DATA POINTS. 
Rf:AD(l,2?)(Y(KJ,K=l,NOPJ 
WR T T E ( 3, QOO 1 ) N, NOP 
WRTTF(3,Q002)(Y(K),K=l,NOP) 
C rnMPUTE THF COEFICTF.NTS OF SINFS 
P=O. 0 
l=O.O 
no 5 J=1,N 
SIJM=O. 0 
X= 0 • 0 
nn 7 I= 1, NOP 
SUP.~=SIJ""'+Y( T J*SIN(X*P) 
7 X=X+(6.2~3l"54/ROP) 
l\ ( J) = 2. *SUM/ RO P 
C COr'1PIJTF THE r:OEF IC lENTS OF COSINES 
SlJM=O.O 
X=O. 0 
nn R I=l,NOP 




GO TO -:; 
2 R(J)=2.*SUM/ROP 
5 P=P+l. 
C EVALUATE THF FUNCTION. 
nn q-, K=l,N 





9001 FORMAT ( lH ,21~} 
900? FORMAT(lH /(7Fl0.5)) 
204 FORMAT(lH ,I5,?F20.R) 
FNO, 
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(b) Harmonic Analysis 
A quantity which varies with time may be expressed mathematically 
as the sum of a series of trigonometric terms of the form 
(1) y V 2 2' -1 al f(t) = a 0 + a 1 + b 1 sin (nt + Tan --) bl 
V 2 2' -1 a2 + a 2 + b 2 sin(2nt + Tan ~) + ---
2 
'' 2 2' 1 a + vak + bk sin(knt + Tan b:) 
+ (a) 
where n, ak, and bk are constants. 
A rigorous analysis concerning the existance and convergence of 
the sum to f(t) wiil not be made here, but the necessary and sufficient 
conditions stated below will assure existance and convergence: 
Condition I f(t) is a periodic function of time 
Condition II For each value of time there exists a single 
finite value of f(t) 
Condition III Within the period there exists a finite number 
of maxima and minima for f(t) 
How many ter~s (called 1st, 2nd, ---, ith harmonics) will be 
required on the right hand side of equation (a) in order to accurately 
reproduce f(t) will depend upon the manner in which f(t) varies, and 
care must be exercised to see that no important omissions occur. It 
is, therefore, advisable at the end of the analysis to sum up the 
components at numerous values of time to see that the reproduction is 
relatively exact. 
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In order to expand f(t) into a series of the form (1), it is 
only necessary to determine the constants n, ak, and bk. 
The process by which these constants are evaluated is called 
Harmonic Analysis. The formulae for the computation of the constants 
are 
(2) n = 360/T degrees/second 
(3) ao 1/T J:T f(t) dt 
(4) ak r.: f(t) Cos knt dt (5) bk = f (t) Sin knt dt 
where T is the period of f(t) in seconds. 
If y or f(t) is an easi function of the integra-
tiona of (3), (4), and (5) may be eas 
bk. However, harmonic analysis is most useful in the of more 
difficult functions or those which are obtainable only in the form 
of an experimental record. In order to analyze this latter type of 
function it will be necessary to fit the series (1) to a number of 
observed values of f(t). Suppose for this purpose that the period of 
f(t) is divided into 2N equal parts and f(t) evaluated at the mid-
point of each interval such that the ordinate at the mid-point of the 
i th interval is y·i. Evaluation of the integrals of (3), (4), and (5) 
I 
may be made in terms of }hese quantities as follows: 
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(7) ak = 1/N ! yi Cos k(i/N - l/2N) 180 
i -=- 1 
2N 
bk = 1/N I Yi Sin k(i/N - l/2N) 180 
i 'Ill 1 
(8) 
·a0 is seen to be the average ordinate of the curve, and may be made 
zero by proper selection of the base line. The sign of yi would then 
have to be noted with regard to this base line. Since the base line 
producing a 0 = 0 is not generally apparent, it is advisable to select 
arbitrarily a base line which will make all Yi positive. 
The number of divisions (2N) also is arbitrary, and depends on 
the accuracy desired.and the highest harmonic to be determined. With 
2N divisions the highest obtainable harmonic is N. Ordinarily twelve 
harmonics are sufficient to assure accurate analysis, although in 
some cases of irregular or jagged curves higher harmonics exist. 
If it is agreed to take some predetermined value for 2N, say 30, 
then tabulated forms may be set up in terms of the measured ordinates 
(y1 , y 2 , ---yi' ---y2N) which take advantage of repetitive groups, 
and to reduce the labor of analysis to a minimum. 
Summary of method of Harmonic Analysis: 
1. From some arbitrarily selected starting point divide the 
period into 2N (30) equal divisions. 
2. Erect and measure the mid-ordinate of each division. 
3. Insert these values into Table A, and compute the sums and 
differences indicated. 
4. Complete Tables B and C as indicated, paying careful attention 
to signa. 
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5. Compute a's and b's by forms shown, on pages 101 and 102. 
6. Combine a's and b's to give series (1) . 
Note: 
.,. -1 ak 
In determining the phase angle ¥ = Tan --
bk 
If 
ak is +, bk is + o>+< 90° 
ak is +, bk is - 90°>+<180° 
ak is - bk is - 180°>+ <270° 
ak is -, bk is + 270° >+ <360° 
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Table A 
yi si Oi 
yl y30 sl = Y1 + Y3o 01 ::: yl - y30 
y2 y29 52 = Y2 + Y29 D2 = y2 - y29 
y3 y28 s3 03 
y4 y27 • s4 04 
. . . . 
. . . . 
. . . . 
. . . . 
. . . . 
. . . . 
. . . . 
. . . . 
. . . . 
. . . . 
yl5 yl6 51s 0 15 
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Table B 
8 a d 
81 815 a1 = 81 + 81s d = 8 - 81s 1 1 
s2 814 a2 = 8 2 + 5 14 d2 = 82 - 814 
s3 813 a3 d3 
s4 8 12 a4 d4 
s5 811 a5 d5 
s6 810 a6 d6 
s7 s9 a7 d7 
sa as = sa d8 
Table C 
D a r d' 
ro1 nl5 a'1 = Dl + Dls d I 1 = D1 - D15 
~2 0 14 a' = D2 + D14 d' = D2 - Dl4 2 2 
D3 0 13 a' 3 d' 3 





n5 0 11 a' 5 d' 5 
D6 0 10 a' 6 d' 6 
D7 Dg a' 7 d' 7 
Ps a' = Ds d' = Ds 8 8 
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al = 1/15 (.9945 d1 + .9511 d2 + .a660 d3 + .7431 d4 + .5a7a d5 + 
.4067 d6 + .2079 d7 + o.oooo d8) 
a 2 = 1/15 (.97a2 s 1 + .8090 s 2 + .5000 s 3 + .1045 s4 - .3090 s 5 -
.6691 s6 - .9136 s7 - 1.0000 sa) 
a4 = 1/15 (.9135 s 1 + .3090 s 2 - .5000 s 3 - .9781 s4 - .8090 s 5 -
.1045 s 6 + .6691 s 7 + 1.0000 s 8 ) 
a 1/15 (.a660 (d + d + d - d - d )) 
5 1 6 7 4 3 
a7 1/15 (.7431 dl - .5a78 d2- .8660 d3 + .4067 d4 + .9511 ds -
.2079 d6 - .9945 d7 + 0.0 d8) 
a 8 = 1/15 (.6691 s 1 - .8090 s 2 - .5000 s 3 + .9135 s 4 + .3090 s 5 -
.9782 s 6 - .1045 s 7 + 1.0000 sa) 
all = 1/15 (.4067 d1 - .9511 d2 + .8660 d3 - .2079 d4 - .5878 ds + 
a 12 1/15 (.3090 (s 1 + s 5 + s 6) - .8090 (82 + 8 4 + 8 7 ) + 1.0000 
(83 + sa)) 
103 
104 
h 1 = 1/15 (.1045 s' 1 + .3090 s' 2 + .5000 s' 3 + .6691 s' 4 + .8090 s' 5 + 
.9135 s• 6 + .9781 s• 7 + 1.0000 s' 8 ) 
b 2 • 1/15 (.2079 d' 1 + .5878 d' 2 + .8660 d' 3 + .9945 d' 4 + .9511 d's+ 
1-/-15 
1/15 
.7431 d' + 6 .4067 d' 7 + o.o d's> 
(.3090 (s' 1 + s' 5 - s' 6 ) + .8090 (s' 2 + s' 4 - s' 7) + 1.0000 
(s' - ' s)) 3 
(.4067 d' 1 + .9511 d'2 + .8660 d'3 + 2079 d' -4 .ss7s d's-
.9945 d' 6 - .7431 d' 7 - o.o d's) 
s' ) ) 5 
b 1/15 (.5878 (d' - d' + d' ) + .9511 (d' - d' + d' )) 
6 1 5 6 2 4 7 
b 7 1/15 (.6691 s' 1 + .8090 s' 2 - .5000 s' 3 - .9135 s' 4 + .3090 s' 5 + 
.9781 s' -6 .1045 s' 7 - 1.0000 s' 8) 
h
8 
1/15 (.7431 d' 1 + .s87S d' 2 - .s6oo d' 3 - .4067 d' 4 + .9511 d's+ 
.2079 d' 6 - .9945 d' 7 - o.o d's) 
(s' - s' )) 3 8 
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h 11 = 1/15 (.9135 s' 1 - .3090 s' 2 - .5000 s• 3 + .9781 s• 4 - .8090 s• 5 + 
.1045 s' 6 + .6691 s• 7 - 1.0000 s' 8 ) 
b - 1/15 (.9511 (d' - d' + d' ) - .5878 (d' - d 1 + d' )) 12 1 5 6 2 4 7 
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(c) Method of Small Oscillations 
If the equivalent system can be assumed to behave in a linear 
fashion in a small range about each crank position, the equivalent mass 
moment of inertia can easily be estimated experimentally by means of 
small oscillations. Assuming the J and P. E. remain constant and 
eq 
that the input torque is furnished by a spring (T = Ke), the equation 
of motion becomes 
J a·+ m = o 
eq 
This equation is valid only if the oscillations are small enough so 
that Jeq and P. E. are approximately constant. 
As with any linear vibrating system of this sort, 
w n = yv:r;:;, 
Thus, the equivalent mass moment of inertia can be determined by 
causing the system to vibrate and measuring its natural frequency of 
oscillation, subject to the restriction that these oscillations are 
small. This method is attractive, since direct computation of the 
mass moment of inertia becomes more difficult as a mechanism becomes 
more complex. 
nle procedure for determining the natural frequency of the system 
n is to place the driving link in the desired position and clamp the 
free end of the spring. A piece of drill rod of suitable diameter and 
length could be used as a torsion spring. The spring constant should 
be measured by any good method. This spring should be mounted on the 
mechanism in some suitable manner, preferably passing through the 
pivot point of the driving link and the fixed link. The driving link 
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should be displaced slightly, loading the spring. On release, the 
mechanism should be allowed to vibrate freely until oscillations cease. 
The motion of the driving link should be recorded by suitable instrumen-
tation. 
The magnitude of the initial displacement is important since the 
system is non-linear. It is desirable to keep this displacement as 
small as possible to avoid the non-linear effect. Small displacements 
may not cause enough energy to be stored in the spring to cause the 
system to oscillate for more than three or four cycles. This cannot 
be considered sufficient for accurate results, so a large (i.e. five 
degrees) initial deflection may be selected. This should give better 
results. 
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